ZARISKI DENSITY OF CRYSTALLINE REPRESENTATIONS 

FOR ANY p-ADIC FIELD. 



KENTARO NAKAMURA 



Abstract. The aim of this article is to prove Zariski density of crystalline rep- 
resentations in the rigid analytic space associated to the universal deformation 
ring of a d-dimensional mod p representation of Gal(K / K ) for any d and for any 
p-adic field K . This is a generalization of the results of Colmez, Kisin (d = 2, 
K = Q p ), of the author (d = 2, any K), of Chenevier (any d, K — Q p ). A 
key ingredient for the proof is to construct a p-adic family of trianguline repre- 
sentations. In this article, we construct (an approximation of ) this family by 
generalizing Kisin's theory of finite slope subspace Xf s for any d and for any K . 
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1. Introduction. 

1.1. Background. Let K be a finite extension of Q p and d e Z^. Let E be a 
sufficient large finite extension of K and O be the integer ring of E and F be the 
residue field of E. Let V be a F-representation of Gk '■= Gal(K / K) of rank d, 
i.e. c?-dimensional F-vector space with a continuous F-linear G^-action. Let Co 
be the category of Artin local (9-algebra with the residue field F. We consider a 
deformation functor Dy : Co — > (Sets) defined by Dy(A) := {equivalent classes 
of deformations of V over A}. We assume that EndF[G A -](^) = ^> then Dy is 
represented by the universal deformation ring Ry. Let Xy be the rigid analytic 
space associated to Ry, then the points of Xy correspond to p-adic representations 
of Gk with a mod p reduction isomorphic to V. We define the subset Xy reg _ cris 
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of Xy by 

3-F,re g -cris := {W) e V is crystalline with distinct Hodge- Tate weights }. 

We denote by Xy Teg _ cris the Zariski closure of -£y jre g_ cr is i n %v- A main theorem 
of this article is following (see theorem 14. 5p . 

Theorem 1.1. If V is absolutely irreducible and satisfies ( p G K or V 7> V(u), 
then we have an equality 

•^V,reg— cris ^Vi 

where u is the mod p cyclotomic character. 

This theorem is a generalization (for <i:general, i^general) of the results of 
Colmez, Kisin f [Co08] . [KiTO] . d = 2, K = Q p ) and the author ( [NalOj .ri = 2, 
i^general) and Chenevier (theorem A of |ChlO] . d:general, K = Q p ). When d = 2 
and K = Q p , the results of Colmez and Kisin played many crucial roles in the 
study of p-adic local Langlands correspondence for GL 2 (Q P ). 

The idea of the proof is the same as those of |Co08j . [KilOj . [NalOj . [ChlOj . 
i.e. we re-interpret purely locally the argument of infinite fern of Gouvea-Mazur 
by using the concept of trianguline representations. Inspired by a Kisin's work 
( |Ki03j ) on a p-adic Hodge theoretic study of Coleman-Mazur eigencurve (where 
he proved that two dimensional p-adic representations of Gq parametrized by 
Coleman-Mazur eigencurve are trianguline), Colmez ([Co08j) defined and studied 
trianguline representations (for K = Q p ) by using the theory of (<p, r)-modules 
over the Robba ring. In [Na09j, the author of this article generalized his results, 
studied trianguline representations for any K by using the theory of 5-pair which 
was defined by Berger [Be08j. 

For the proof of the main theorem, there are two key ingredients, one is de- 
formation theory of trianguline representations and the other is to construct a 
p-adic family of trianguline representations in which the subset consisting of all 
the crystalline points is Zariski dense. For deformation theory of trianguline repre- 
sentations, we have already obtained satisfying results in [BeCh09j . [Ch09bj (when 
K = Q p ) and in jNalOj ffor general K). 

A more important ingredient ( and a main theme of this article) is to con- 
struct a p-adic family of trianguline representations, which can be seen as a p-adic 
avatar of Gouvea-Mazur's infinite fern consisting of overconvergent modular forms. 
When K = Q p and d = 2, two different constructions by Colmez and Kisin are 
known. Colmez ([Co08]) explicitly constructed (more generally) a p-adic family 
of rank two trianguline (<p, r)-modules over the Robba ring of affinoid. On the 
other hands, Kisin ([ Ki03] ) constructed Xf s ( which is a Zariski closed subspace of 
Xy x E G^ze) an approximation of a p-adic family of trianguline representations, 
which we call finite slope subspace. When K = Q p , for any d e Chenevier 
( jChlOj ) recently generalized Colmez's construction, he constructed a universal 
p-adic family of rank d trianguline (ip, r)-modules by establishing the cohomology 
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theory of (<£>, r)-modules over the Robba ring of affinoid. Because his construction 
depends on the explicit structure of (<p, r)-modules only for K = Q p , we cannot 
directly generalize his results for any 2T-case. A main feature of this article is to 
modify and to generalize Kisin's Xf s for any K and for any d (when d = 2, we 
have already done this in |NalOj ) of which we explain below more precisely. 

1.2. Overview. Here, we first recall briefly the definition of trianguline repre- 
sentations. First, the category of E- representation of Gk can be naturally em- 
bedded in the category of 22-2?-pairs of Gk- For an E- representation V, we de- 
note by W(V) the associated E-B-pa.ii. We say that V is a split trianguline 
^-representation if W(V) can be written as a successive extension of rank one 
E-B-pairs, i.e. there exists a filtration T : C Wi C W 2 C • • • C W d = W{V) 
( we call T a triangulation of V) by E-B-pairs Wi such that Wi/Wi-i are rank 
one E-B-pairs for any i. Rank one 22-2?-pairs can be classified by the set of 
continuous homomorphisms 5 : K x — >■ E x ([Co08], [Na0 9]). For a continuous 
homomorphism 5 : K x — > E x , we denote by W(8) the rank one E-B-pair defined 
by 5. By the definition of T, there exists a set {^}f =1 (8i : K x — > E x ) such 
that Wi/Wi-i — >• for any z, which we call the parameter of T. Therefore, 

to construct a p-adic family of trianguline representations, we first need to con- 
struct a universal p-adic family of continuous homomorphisms 5 : K x — > E x , 
which we now recall the definition. Let T and W be the rigid analytic spaces 
over E which represent the functor T(A) := {5 : K x — > A x continuous homo- 
morphism } and W(A) := {5 : O k — > A x continuous homomorphism } (for any 
affinoid A) respectively. If we fix a uniformizer ttk of K, we have an isomorphism 
T W x E ^m/E '■ S ^ (^lo*> 8(tt k )). In |NalO] . we modified and generalized 
Kisin's Xf s for any K,i.e. twisting by a universal character, we constructed Xf s 
as a Zariski closed subspace of Xy XeT instead of Xy x e ^m/E- ^ n this article, 
we generalize the construction of [NalO] for any d, we construct Xf s (which we 
denote by Ey) as a Zariski closed subspace of Z := Xy x E T x ^ 1 \ Let V be 
a split trianguline ^'-representation with a triangulation T whose parameter is 
{5i}f =1 such that [V] G Xy for a finite extension E' of 22. From the pair (V, T), we 
define an 22'-rational point Z(y,T) '■= (IX]> $2, • " > ^-1) G Z(E'). The key main 
theorem of this article is the following (for more precise statements, see corollary 
13.41 proposition I3.6[ theorem 13. 9p 

Theorem 1.2. There exists a Zariski closed subspace Sy of Z satisfying the fol- 
lowing (1) and (2). 

(1) For any point z = (\V],Si,--- ,5d-i) G Sy(E') and for any embedding 
a : K 7- E, the a -part of Hodge- Tate polynomial ofV is equal to rL=i(^ — 
§gU) G E'[T], where 5 d : = (det(F) orec K )/ Utl h (rec K : K x ^ Gf 
is the reciprocity map ). 

(2) If (V, T) as afroi>e satisfies the following conditions (i) and (ii) and (Hi), 
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(i) End E , [GK] (V)=E>, 

(ii) For any i < j, ^ U aeV a ka for any {k a } aeV E U aeV Zg , 

(iii) Foranyi <j, 5i/5j ^ \N K/ Q p \ P l\ aeV a k ° for any {k a } aeP E Uaev Z ^' 
then the point Z(y,T) % defined above is contained in Sy. 

Moreover, ifV satisfies one of the following additional conditions (iv), (v), 

(iv) V is potentially crystalline and 

i i 

{a E J D cris ((AV)(JJ^ 1 ))|3n ^ 1 such that (</ - J[ S^n^a = 0} 

3=1 3=1 

is a free of rank one Kq ®q p E -module for any 1 5= i ^ d — 1, 

(v) For any 1 ^ i ^ d — 1 and for any 1 ^ li < l 2 < ■ ■ ■ < U ^ d such that 
(k, ■ ■ ■ , h) 7^ (1, 2, • • • , i), we have (J?j=i k h,° ~ £3=1 k j,°) & %o for any 
a EV , where we define k ij(7 := \ x=1 E E' , 

then Sy is smooth at Z(v,t) °f dimension [K : Q p ] S^tll _|_ \ _ 

The idea for the construction of £y is to generalize Kisin's construction by 
using a technique of exterior product ( |BeCh09j . see proposition 13. 10[) and us- 
ing the results of |Na09] and |NalO] . If V is a split trianguline E represen- 
tation as above. Let 5i : G'f? — > E x be the continuous character defined by 
Si orec^l^x = 5i\ x and 5i(rec/<(7rx)) := 1 for any i. Then, we can show that 

(*)"^is(( Ai ^)(ni=i^ 7l ))^ =n ^ 1<5 ' (7rK) are non-zero for any 1 <\ % <\ d - 1" . 
We construct Sy as a subspace of Z essentially parametrizing the points z = 
(V, 5i, ■ ■ • , 5d-i) with this property (*) (and the property (1) of theorem II. 2p . 

Concerning to Zariski density of crystalline points in Sy, we prove the following 
theorem (theorem I3.15p . 

Theorem 1.3. Let (V, T) be a pair satisfying all the conditions of theorem ! 1.2\ and 
let U be an admissible open neighborhood of z := Z(y,T) i> n £y> then there exists 
an admissible open neighborhood U' of z in U in which the subset consisting of 
the points z' = ([V'],S[, ■ ■ ■ , <%-i) £ U' such that V is crystalline with distinct 
Hodge- Tate weights are Zariski dense in U' . 

The main theorem 11.11 follows from these two theorems II. 2| 11.31 and from the 
deformation theory of trianguline (in particular, generic crystalline or benign) rep- 
resentations developed in [Ch09b] and |Nal0j . For the proof of theorem 11.31 we 
need to prove that, oppositely, if a point z = ([V],8%,--- ,8d-i) E Sy satisfying 
the condition (*) above ( and some conditions on {5i}f =1 ) then V is a split trian- 
guline and crystalline. This problem was pointed out to the author by Chenevier. 
Concerning to this problem, we prove some propositions (see proposition I3.13| 
proposition I3.14p by using slope arguments, which the author thinks important in 
the study of eigenvarieties. 
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Finally, we remark that we can regard this paper as the case of the pair (GL n , B n , T n ) 
where B n is the subgroup of upper triangular matrices and T n is the subgroup of 
diagonal matrices, the author thinks that to generalize the main theorem for the 
pair (G, B, T) (where G is a reductive group and B is a Borel subgroup of G and 
T is a maximal torus contained in B) is also an interesting problem, which the 
author will study in future works. 
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Notation. Let p be a prime number. K be a finite extension of Q p , K be the 
algebraic closure of K, Kq the maximal unramified extension of Q p in K, K nor the 
Galois closure of K in K. Let Gk '■= Gal(K/K) be the absolute Galois group of 
K equipped with pro-finite topology. Ok is the ring of integers of K, ttk £ Ok is a 
fixed uniformizer of K, k := Ok/^kOk is the residue field of K, q = := jjfc is the 
order of k, Xp '■ Gk — > ^ p is the p-adic cyclotomic character (i.e. g(( p «) = Cp^ 

for any p n -th roots of unity and for any g G Gk)- Let C p := K be the p-adic 
completion of K and Oq be its ring of integers. We denote by v p the normalized 
valuation on C* such that v p (p) = 1. Let | — | p : E — >■ Q^ be the norm such 
that \p\ p := K Let N k /q p '■ K x — > Q* be the norm and we define by \N k /q p \ p '■= 

| — \ p o Nk/q p - Let E be a finite extension of Q p in K such that K nor C E. In this 
paper, we use the notation E as a coefficient field of representations. We denote 
by 'P \= {<t : K c — y K} = {a : K >■ E} the set of Q p - algebra homomorphisms 
from K to K ( or E). Let xlt : Gk — > O k c — >• Og be the Lubin-Tate character 
associated with the fixed uniformizer ttk- Let rec^ : K x — > G 3 ^ be the reciprocity 
map of local class field theory such that rec^(7r^) is a lifting of the inverse of g-th 
power Frobenius on k, then xlt ° rec^ : K x — > O k satisfies Xlt ° recx(vrx) = 1 
and xlt ° rec^l^x = id x . For any topological ring A (for example A = E, O, F), 
we say that Va is an ^-representation (of Gk) if Va is a finite free A-module with 
a continuous A-linear G^-action. 

2. Review of 5-pairs and trianguline representations 

In this section, we recall the definition of 5-pairs and trianguline representations 
and then recall some of their fundamental properties which we will use in later 
sections (see |Be08j or |Na09j . |Nal0j for more details). 
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Let B cris and B^ R and B dR be Fontaine's p-adic period rings ( |Fo94j ). Let 
B e := B^ s the if-Gxed part of -B cr j S . These rings are equipped with continuous 
semi- linear G^-actions. Let t = log[e] G B^f H Fil 1 !?^ be a period of the inverse 
of the p-adic cyclotomic character Xp- Let Ce be the category of Artin local E- 
algebras A such that A/m A — > F where is the maximal ideal of A. 

For any A G Cg, we recall the definition of A-B-p&ir which is the ^-coefficient 
version of 5-pair (see definition 2.10 and lemma 2.11 of |NalO] ). 

Definition 2.1. We say a pair W := (W e , W^ R ) an A-B-p&ir (of G K ) if 

(1) W e is a finite free B e ®Q p A-module with a continuous semi-linear G^-action. 

(2) is a -stable finite free sub -B~j~ R Cg><Q p A-module of WdR : = B$&®B e W e 
which generates Wak as -BdR-module. 

We define the rank of W as the rank of W e as B e ®q p A-module. 

Later we just call A-B-p&ir if there is no risk of confusing about K. 

Remark 2.2. The functor V A H> W(V A ) := (S e ®q p V a ,B+ r ® Qp Va) from the 
category of ^-representations of G^- to the category of v4-£>-pairs is exact and fully 
faithful because of the fact that B e fl B^ R = Q p . 

Proposition 2.3. There exists a canonical bijection 5 i— > W(5) between the set of 
continuous homomorphisms 5 : K x — > A x and the set of isomorphism classes of 
rank one A- B-pairs. 

Proof. See proposition 2.15 of [NalO] 

□ 

Remark 2.4. This bijection is compatible with local class field theory, i.e. for 
any character 5 : G^? — > A x we have an isomorphism W(5 o recx) — > W(A(S)). 

Remark 2.5. For any A 6 i x , we define a continuous homomorphism 5\ : K x — > 
A x such that ^aI^x = 1 and 5\(ttk) = A. Then, W(8\) is a crystalline A-B-p&ir 
corresponding to an A-filtered (/^-module D x '■— K ®Q p Ae\ such that ^ \e\) = \e\ 
and Fi\°(K ® Ko D x ) = K ® Ko D\ and ¥i\ l {K ®k D x ) = 0. 

Definition 2.6. Let W be an A-B-pa.ii of rank d. We say that W is a split 
trianguline v4-I?-pair if there exists a filtration T : C W\ C VF 2 ^ • • • ^ W^-i Q 
Wd = W such that Wi are A-5-pairs for any % and that Wi/Wi-i are rank one 
A-S-pairs for any i. We call T an A-triangulation of W. We say that the set 
{Si}f =1 (5i : K x -)■ A x ) is the parameter of T if Wi/W^i W(5i) for any i 

Let V be an ^-representation. We say that V is a split trianguline ^-representation 
if VK(V) is a split trianguline A-B-pair. 

In [BeCh09] and |Ch09b] (K = Q p -case) and in [NaTO] (any if-case), we study 
deformation theory of trianguline .B-pairs (or trianguline (<p, r)-modules over the 
Robba ring), which we review below. 
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Let V be an ^-representation of rank d and A G Ce- We say that the pair 
(Va,iPa) is a deformation of V over A if Va is an ^-representation and ipA '■ 
Va <8>a A/m-A — > V is an isomorphism of ^-representations. Let (Va,^a) and 
(VajV'a) be two deformations of V over A, we say that (Va,4>a) and (V A ,ip' A ) are 
equivalent if there exists an isomorphism / : Va — > V A of ^-representations such 
that ^a — ^'a (/ ®a icU/nu)- We define a functor Z)y : Ce — >■ (Sets) by 

Dy(A) := { equivalent classes of deformations of V over A} 

for any A G Ce. 

Next, we consider the pair (V, T) where V is a split trianguline ^-representation 
with a triangulation T : C W\ C W 2 C ■ • • C W d = W(V). For A G C E , we say 
that the triple (Va, V'a, 7a) is a trianguline deformation of (V, T) over A if (Va, ^a) 
is a deformation of V over A and 7a : C PVi,a C W 2i a ^ • • • Q W dj A = W(V A ) is 
an A-triangulation of V A such that W{ip A ){WiA®AA/m A ) = W{ for any 1 ^ i 5= d, 
where W(-0a) : IV(Va) ®a — > W(V) is the isomorphism induced from ip A . 
We say that two trianguline deformations (Va, 4>a, Ta) and (V^, ^A' 7a) over ^ are 
equivalent if there exists an isomorphism / : Va — > V' A of ^-representations such 
that ^ = ^o (/ ® A idA/mJ and W'(/)(V M ) = for any 1 ^ z ^ d. We 
define a functor Dy,7 — > (Sets) by 

Dy7-(A) := { equivalent classes of trianguline deformations of (V, T) over A} 

for any A G Ce- We have a morphism of functors Dyj- — > Dy defined by 
(V4,^a,7a) | — > (VajV'a)- If -Dy an d -Dyr are represented by Ry and -Ry,T> then 
this morphism is given by a map Ry — » -Ryn which is surjection in many cases. 
For the representability and other properties of Dyf, we have the following propo- 
sition. 

Proposition 2.7. Let V be a split trianguline E -representation with a triangula- 
tion T whose parameter is {5i}f =1 . We assume that ( V, T) satisfies the following 
conditions, 

(i) End£[G K ](V) = E (then Dy is represented by Ry), 

(ii) For any i < j, Sj/Si ^ Y[ ff& >a ,ka for any {k a } aeP G Uaev^o, 

then the functor Dyj- is represented by a quotient Ryj of Ry. Moreover, if (V, T) 
satisfies a following additional condition, 

(iii) For any i < j, Si/Sj ^ \N K/Qp \ p Y[ a€P o k ° for any {k a } aeV G Yl aep Z>zi, 
then Ryj is formally smooth over E of dimension [K : Q p ] S^tli _|_ \ _ 

Proof. See |BeCh09j and corollary 2.30, lemma 2.48 and proposition 2.39 of |Nal0j . 

□ 

Next, we recall some relations between crystalline representations and triangu- 
line representations. Let V be a crystalline ^-representation of rank d. First, 
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we define the crystalline deformation functor Dy m which is a sub functor of Dy 
defined by 

Df s (A) := {[(V A ,i> A )] G D V (A)\V A is crystalline } 

for any A G Ce- It is known that the natural inclusion Dy ls Dy is relatively 
representable and Dy m is formally smooth. 

Let D CTis (V) := (B cr i S (g>Q p V) GK be the filtered (^-module associated to V, which is 
a finite free A"o®q ^-module of rank d. We assume that the eigenvalues of (p*(f '■— 
[K Q : Q p ]) a 2 , ■ ■ ■ , a d }(C E) on D cris (V) ®K a ® Qp E,a&A E E (a : K ^ E ) ( this 
does not depend on the choice of a) satisfies that ai 7^ <x,- for any i 7^ j. Moreover, 
we assume that ( or making E sufficiently large so that ) {ai, • • • , ad} C E and that 
D CTis (V) can be written as D CTis (V) = K (g) Qp Ed © K (g) Qp Ee 2 © • • • © K (g) Qp Ee d 
such that K ®q p Eei is ^-stable and that ip*(ei) = a^ti for any 1 ^ i ^ d. 
Let @d be the d-th permutation group. Under these assumptions, we define ((in- 
filtrations T T : C D Ti i C _D Tj2 C • • • C D rd = /} cris (V) on D cris (U) for any 
t G by Z} T)i := ©* =1 i^o ®Q P Ee T ^j) (whose filtration is induced from that on 
-Deris iy)) for any 1 ^ i ^ d. By the equivalence between the category of ^-filtered 
if- modules and the category of crystalline S-5-pairs (see |Be08j or [Na09j . |NalO] ). 
we obtain triangulations 

% : c w T>1 c w T , 2 c • ■ ■ c iy r , d = 

such that W Ti i are crystalline _E-_B-pairs and that D crm {W r; i) D Ti for any 
1 ^ i ^ d for any r G (3^. We recall the definition of benign representation 
in |NalOj (or generic crystalline representation in |Ch09b| ) whose deformation 
theoretic property plays a crucial role in the proof of the main theorems of this 
article. Let {ki >a , k 2yU , • • • , kd, a }aev be the Hodge- Tate weight of V such that 
ki j(J ^ /c2,o- = • • • = kd t a for any a G V, in this article we define Hodge- Tate weight 
of the p-adic cyclotomic character Xp '■ Gk — > E x by {l} ae -p. 

Definition 2.8. Let V be a crystalline representation satisfying all the above 
conditions. We say that V is benign if V satisfies the following conditions, 

(1) For any i 7^ j, ai 7^ aj,p ± ^aj. 

(2) For any u6?, k^ a > k 2>a > ■ ■ ■ > k d , a - 

(3) For any r G &d and 1 ^ i ^ d, Hodge- Tate of W Tji is {ki i<T , k 2j(r , • • • , k ia } aeV . 

If V is benign, then (V, T T ) satisfies all the properties in proposition 12.71 for any 
t G &d, hence the functor D v is represented by Ry and the functors D V j- t are 
represented by Ry ; % which are quotients of Ry. For R* = R v ,R V j- t , we define 
the tangent space of R* by 

t Rt := Rom E (m R Jm Rt ,E) 

where m Rt is the maximal ideal of R*. Hence, we obtain a natural inclusion 
tR Vi r T ^ for any r G & d - 

8 



The following theorem is a crucial theorem for the proof of the main theorems 
of this article, which was first discovered by Chenevier (theorem 3.19 of |Ch09b|). 

Theorem 2.9. Let V be a benign representation of rank d, then we have an equality 
Proof. See theorem 3.19 of [Ch09bJ and theorem 2.61 of [NalOj. 

□ 

3. Construction of finite slope subspace 

This section is the technical heart of this article. We generalize Kisin's construc- 
tion of finite slope subspace Xf s (chapter 5 of |Ki03j ) for any dimensional case and 
for any p-adic field case. 

Let X be a separated rigid analytic space over E in the sense of Tate. For a 
point x G X, we denote by E(x) the residue field of X at x, which is a finite 
extension of E. We recall some terminologies which are used in [Ki03]. We say 
that an admissible open set U C X is scheme theoretically dense in X if there 
exists an admissible affinoid covering {Xi := Spm(i?j)}j e / of X such that Uf)Xi is 
associated to a dense Zariski open £/j C Spec(-Ri) for any i G I. For an invertible 
function Y G O x and for an .E-affinoid algebra R, we say that an .E-morphism 
/ : Spm(i?) — > X is F-small if there exists a finite extension E' of E and an 
element A G (R ®e E') x such that E'[X] C R ® E E' is a finite etale E'-algebra 
and y is topologically nilpotent in R® E E' . For any / G T(X, Ox), we denote by 
Xf := {x G X\f(x) 7^ 0} the Zariski open in X on which / does not have zero. 

For any finite free (9x- m odule M with a continuous Ox-linear G^-action, we 
denote by M(x) the fiber of M at x, which is an i?(x)-representation of Gk and 
we denote by M v the C^-dual of M. For such M, we can define Sen's polynomial 

P M (T)eK® Qp O x [T] 

which is a monic polynomial of degree n (where n is the Ox-rank of M) such that, 
for any x G X, P M (T)(x) the fiber at x is equal to Pm(x){T) G K ®q p E(x)[T] 
Sen's polynomial of M(x) (see |Ki03j (2.2)). Using the canonical decomposition 

K ®q p O x [T) 4 J] O x [T] : a ® f(T) ^ (a(a)f(T)) aeV , 

<T<=V 

we decompose Pm(T) into 

P M (T) = (P M ^T)) aeV G J] O x [T). 

Let d G Z^i be a positive integer. For any 1 ^ i ^ d, let be a finite free 
Ox-module with a continuous Ox-linear G^-action. We assume that PM i7 <r{T) 
can be written as 

P Mi<a (T)=TQ ha (T) 
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for some monic polynomial Qi tCT (T) G Gyp"] for any 1 ^ i ^ d and a G V. For 
any 1 ^ % ^ d, let Yi G 0£ be an invertible function on X. 

Under this situation, we prove the following theorem, which is the generalization 
of proposition 5.4 of |Ki03] or theorem 3.9 of |NalOj for any dimensional and any 
p-adic field case. 

Theorem 3.1. Under the above situation, there exists unique Zariski closed sub 
space Xf s C X satisfying the following conditions (1) and (2). 

(1) For any 1 ^ i ^ d and a G V and j G Z^ , the subset Xf Sj Q i a ^ is scheme 
theoretically dense in Xf s . 

(2) For any E-morphism f : Spm(i?) — » X which is Yi- small for any 1 ^ i ^ d 
and factors through Xq. a ^ for any 1 ^ % ^ d and o G V and j G Z<; ; the 
following conditions (i) and (ii) are equivalent. 

(i) / factors through f : Spm(i?) — > Xf s <— > X . 

(ii) For any 1 ^ i ^ d, any R-linear Gx-equivariant map 

h:f*(M?)^B+ R ® Qp R 

factors through the canonical inclusion 

K ® Ka (B+^ Qp Rr f = Y * ^ B+ R ® Qp R. 

Proof. For some notation which we use in this proof, see [NalOj. The proof of 
uniqueness is same as that of proposition 5.4 of [Ki03] or theorem 3.9 of [NalOj. 

By the same argument as in |Ki03j or [NalOj . it suffices to construct Xf s when 
X = Spm(i?) is an affinoid which satisfies | < ^ for any 1 ^ i ^ d, 

where | — | : R — > Q^o is an .E-Banach norm on R. Then, we construct Xf s as 
follows. For any 1 ^ i ^ d and Aj G E such that | 1 1 1 ^ |Aj| ^ \Yi\, we take 
a finite Galois extension E' of E which contains Aj and take a sufficiently large 
integer k such that the natural map 

(BL,,k ®k,„ ET K=(7{7TK)K ^ B+ K /t k B+ K ® K , a E> 

is injection with a closed image for any a £ V (this is possible by corollary 3.5 of 
|NalOj ). Let JJ^ a be the cokernel of this map, then JJ^ a is also an £"-Banach space 
and we fix an orthonormalizable basis {ei,a,j}jeJa °f Ui jCr . Then, for any R- linear 
Gj^-morphism 

h : B+JitB+a&K^R 
and x G E + such that v(x) > 0, we denote by 

h x : -> Ui, a ® E ,(R® E E') 

the composition of h with 

BtJt k B+Jt) K>a R B+/t k B+® K>l7 (R ® E E'):y^ P(x, ] 



a(-K K )\i 
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and the natural quotient map 

BIr/^BIr&kAR ®e E') -» U ittT ®E>(R ®e E') 
where P(x, -At-) is defined by 

I K) i ngZ I A - ; i 

whose convergence is proved in the proof of theorem 3.9 of [NalOj . Then, for 
any m G M 4 V , we can write uniquely as h x (m) = J2jeJ^ a (^' x ' m )j e w f° r 
some a(/i, x, Aj, m)^ G R®e E' . We define an ideal J(/i, x, Aj)'of R®e E 1 which is 
generated by a(h, x, Aj,m)j for all m G and j G Jo-. Because I(h,x,T(Xi))' = 
r(I(h, x, Aj)') for any r G G&\(E' /E), the ideal ^ Tg Gai(E'/_B) ^(^' x ' r (-^))' descends 
to an ideal I(h,x,Xi) C i?. We define an ideal I := J2i h x \ • -^(A> x > — 
Finally, we define the smallest ideal I' so that /' contains I and the natural map 
R/I' — > R/I'[ g- 1 ^ ] is injection for any 1 ^ i ^ d and a E V and j G Z<; - Then, 

the closed sub variety Spm(i?//') satisfies the conditions (1) and (2), which we 
can prove in the same way as in the proof of proposition 5.4 of [Ki03] or theorem 
3.9 of [NalOj . 

□ 

Next, we prove a proposition concerning to some important properties of Xf s , 
which is a generalization of proposition 5.14 of [Ki03] and proposition 3.14 of 
[NalO] . 

Proposition 3.2. In the above situation, let U = Spm(i?) be an affinoid open of 
Xf s which is Yj- small for any 1 5= i ^ d. Let k G TL-^y be a sufficiently large integer 
such that, for any a G V and 1 ^ % ^ d, there exists a short exact sequence, 

-> (BL x ,K®K,aRy K=Yl -> B+ R /t k B+ R ® K , a R -> C/ ij<7 -> 

/or a Banach R-module with property (Pr) Ui >a (this is possible by proposition 3.7 
of [NalOj ). t/ien i/je following hold. 

(1) For any 1 ^ z ^ d and a eV, the natural injection 
is isomorphism. 

(2) For any 1 ^ i ^ d and a £ V, let Hi )Cr ^ R be the smallest ideal such that 
any GK-equivariant R-linear map 

h:M?^ B+ R /t k B+ R ® K , a R 

factors through 

B i K /t k B+ K ® K ^H^ B+Jt k B+^® K ^R, 

and put H := Y\i<d oev ^. CT — ^ then Spm(i?) \ V(H) and Spm(i?) \ 
V(Hi a) are scheme theoretically dense in Spm(i2). 
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(3) For any point x G Spm(i?) and for any 1 ^ i ^ d and a G V , (-B+ ax K ®k,<j 
Mi(x)) GK ' VK=Yi is not zero. 

Proof. The proof is essentially same as that of proposition 3.14 of |NalOj . First 
we prove (1). By the definition of Xf s , we have an equality 

(BL,,k ®k,« (M { ® 0x RJK)) Gk ^ k=Yi = (B+ K /t k B+ K ® K , a (Mi ® 0x R x /m:)f« 

for any x G Spm(i2) such that Qi )(T (j)(x) ^ for any o G V and 1 ^ i ^ d and 
j G Z^o, where we denote by R x the localization of R at m x . Hence it suffices to 
show that the natural map R — > Yl X £Vn>i -^W m x * s injection where we define 

V := {x G Spm(R)\Q i>(T (j)(x) ^ for any a G V, 1 ^ i ^ d,j G Z^}- 

Let / G i? be an element in the kernel of this map. If we denote by W the 
support of / in Spm(_R), then we have W C U at =-pAfii^d,jEZ <0 V(Qi )CT (j)), where, 
for any Q G R, we denote by V(Q) the reduced closed subspace of Spm(i?) such 
that V(Q) = {x G Spm(i?)|Q(V) = 0}. Then, by lemma 5.7 of [Ki03] . there 
exists a Q which is a finite product of Qi, a (j) such that W C ^(Q), so we have 
Spm(_R)g Cl \ VT, in particular / is zero in R[q]- Because Spm(i?)g is scheme 
theoretically dense in Spm(i?), then we have / = 0, this proves (1). 

Next we prove (2). First, we show that if x G V then x G Spm(i?) \ V(H it(T ) 
for any 1 ^ i ^ d and a G V( then we also have x G Spm(i?) \ V(H)). If 
x G V PI y(-ff i)0 -) for some 1 ^ i ^ d and a G "P, then we have an equality 

which is a one dimensional _E(x)-vector space by corollary 2.6 of [Ki03], on the 
other hands this is zero because Hi }Cr C m x and by the definition of -£/i i(T , this is a 
contradiction. Hence, by the same argument as in the proof of (1), there exists Q 
which is a finite product of Qi, a (j) such that Spm(i?)g C Spm(i?) \ V(H). By the 
definition of Xf s , this shows that Spm(i?) \ V(H) is scheme theoretically dense in 
Spm(i?) and then Spm(i?) \ V(H ijCT ) are also scheme theoretically dense. 

Using (2), we can prove (3) in the same way as that of proposition 3.14 of 
[NaTO] . □ 

We apply theorem 13.11 to the following set up. Let V be an F-representation 
of Gk of dimension d. Let Co be the category of Artin local O-algebra A such 
that A/vxa — » F. For any A G Co, we say that a couple (Va,Vu) is a deformation 
of V over A if Va is an ^-representation of Gk and if) a '■ Va ®a A/vxa — > V is 
an isomorphism of F-representations. We say that two deformations (Va, if>A) and 
(V A , if>' A ) of V over A are equivalent if there exists an isomorphism / : Va —> V A of 
A- representations such that ^ = ^«(/® l &A/m A )- We consider a functor 

Dy.Co^ (Sets) 

defined by 

Dy(A) := { equivalent classes of deformations of V over A} 
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for any A G Co- In this paper, for simplicity we assume that V satisfies that 

End ¥[GK] (V)=¥. 

Under this assumption, the functor Dy is pro-represented by the universal defor- 
mation ring Ry . Let V umv be the universal deformation of V over Ry. Let Xy 
be the rigid analytic space over E associated to the formal C-scheme Spf(-Ry). 
Then, V umv naturally defines a finite free 0£_-module J\4 Q f ran k d with a con- 
tinuous £> % -linear G^-action. Let P M (T) := (P M , a (T)) aeV G K ® Qp £> % [T] 4 
(Baev^x— [T] be Sen's polynomial of M.. 

Let det(A^) : — > 0%_ be the determinant character of Ai. We also write by 
the same letter the continuous homomorphism det(Ai) : K x — > 0%_ defined by 
det(A4) o rec^. 

Next we recall the definition of weight space for K. Let W and T be the functors 
from the category of rigid analytic spaces over E to the category of abelian groups 
defined by 

yV(X') := {5 : O k ->■ T(X', O x >) x \5 is a continuous homomorphism} 

and 

T(X') := {5 : K x — > T(X', Ox') x \5 is a continuous homomorphism} 

for any rigid analytic space X' over E. It is known that W and T are representable 
and W is represented by the rigid analytic group variety associated to the Iwasawa 
algebra 0[[C^]] and W is (as a rigid space) jj(C^ tor ) -union of d- dimensional open 
unit discs and, if we fix a uniformizer tik G Ok, we have an isomorphism 

T 4 W x E GZ, E : 6^ (6\ » , S(tt k )). 

We denote the projections by 

Pl : T W : 5 H- <S| * , p 2;7rK : T G^ n /£ : 5 H- <S(t*)- 

Let F G r(Gf™ /B ,, C G an ) x be the canonical coordinate. Let 

5™ iv :0 K ^T(W,O w y 

be the universal homomorphism of the functor W, which is equal to the compo- 
sition of the canonical map O k — > 0[[0 K ]\ X : a 4 [a] with the canonical map 
0[[O£]] X ->■ 0w) x - Let 5$ iv : -> O w ) x be the continuous charac- 
ter defined by ^"orec^l^x = 5]^ lv and ^ lv (rec^(7r A -)) = 1. Then, the universal 
homomorphism 

5 univ . R x _^ y(T,O t ) x 

of the functor T satisfies 

runivl _ * euniv runiv/ \ _ * 

°T \O y K -Pl od W i °T y^K) ~ P 2 ,n K \. Y )■ 
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Because, for any E'-afRnoid algebra A, any continuous homomorphism 5 : K — > 
A x is locally Q p -analytic (see proposition 8.3 of |Bu07] ). hence for any rigid 
analytic space X' over E and for any continuous homomorphism 5 : O k — > 
r(X',C x /) x , we can define 

d5 ( x ) I p r(x> n \ 
^) Uer(I '° r) 

the partial differential of 8 by a(x) (tr 6 P) at i = 1 6 

Here, we prove a proposition concerning to Hodge- Tate weight of E(S) for any 
continuous characters 5 : Gf? -> C^. We recall that xlt : ->■ 0£ C| is 
the Lubin-Tate character associated to a fixed uniformizer 7r^ G Ok- 

Proposition 3.3. Let A be an affinoid over E and let 5 : — > A x be a 

continuous character. Then, the a -part of Hodge-Tate weight of S is equal to 



da(x) 



2 = 1 



g A. 



Proof. Let 5 : Gf? — > A x be a continuous character. Because twisting by a 
unramified character does not change Hodge-Tate weight, we may assume that 
5(recx(7r)) = 1. By the universality of W, then there exists a morphism / : 
Spm(A) W such that 5 = f* o 5^ iv . Because ^gggP U=i and Hodge-Tate 
weight of 5 are compatible with base change, so it suffices to show that the a- 
part of Hodge-Tate weight of <^ iv is equal to dS K^ >) \ x =i G T(W,O w ). We 
denote by a a G r(W, (9>v) the cr-part of Hodge-Tate weight of S^ lv . If we put 

W o := {Yltre-p o- k °\{K} aeV G Uaev Z ) ^ W ' then a ° is ec l ual to Z{x) U=i at an y 
points of Wo because, for any {^o-jo-e-p G Ylaev^' ^he ch arac t er Ilo-e-p ^(Xlt)^ is 
a crystalline character with Hodge-Tate weights {k a } a( z-p by the result of Fontaine. 
Because Wo is Zariski dense in W by lemma 2.7 of |Ch09aj . hence a a is equal to 

v ' \ x =i on W, which proves the proposition. 

□ 



da(x) 



Let Z := Xy x E 7~ x ^ ^. Then, any point z G Z can be written as z = 
(x, Si, • ■ ■ , Sa-i) where x G Xy and Si : K x — > E(z) x . Let 

p : Z ->■ Xy : (x, Si, • ■ ■ , 6 d -i) ^ x 

and, for 1 ^ i ^ c? — 1, 

ft : Z -> T : (x, <5i, • • • , ^ ^ 

be the projections. We denote by X := p*(Al), Pjv,«t(T) := p*(P M A T )) e °z[T], 

:= 9< ° ^r iV : RX -»• r (^ r) X -»> T(Z, O z ) x : a ^ g*(<^ iv (a)), 

^:=ft*(5r v (7T^))Gr(Z,C» z ) x . 
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For i = d, we define 

d-i 

5» niv ■= det(iV)/ JJC" = K x r(Z,0 z ) x . 

i=l 

For any l^i^cf— 1, we define a continuous character 

: Gt ->• Cz) x 

such that 

o rec x | x = C'lo* and C iv (recx(7TA')) = 1 

and define 

5 Yi :K x ^T(Z,O z ) x 

such that 5yJ x = 1 and ^(vr^) = YJ. 

Under these notations, we define a Zariski closed subspace 

Zo^Z 

defined as the largest Zariski closed sub space such that the equalities 
hold on Z for any a G V, i.e. if we denote by 



then Z is defined by the ideal generated by {ai,a}o^iSd-i,aer- F° r an Y 1 = i = d—1, 
let AW be the i-th wedge product of N over Oz- On Z , the cx-part of Hodge- Tate 
polynomial of 

i 

N r .= (AWOo, OzClIC^)- 1 ))!^ 

i=i 

is written as TQ ij(J {T) for a monic polynomial Q^ a (T) G Oz [T] because the <r- 

part of Hodge- Tate weight of 5f mv is dSl da ^ \x=i by proposition 13.31 Hence, we can 
apply theorem 13.11 to this situation, precisely we obtain the following corollary. 

Corollary 3.4. Under the above situation, there exists a unique Zariski closed 
subspace 

satisfying the following conditions (1) and (2). 

(1) For any 1 ^ % ^ d — 1 and a £ V and j G Z^o? ^VQ ia (j) ^ s scheme 
theoretically dense in Sy. 
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(2) For any E-morphism f : Spm(i2) — > Zq which is Yi-small for all 1 ^ i ^ 
d — 1 and factors through Zqq. u-\ for any 1 ^ i ^ d — 1 and a £ V and 
j € Z^Q; the following conditions (i) and (ii) are equivalent. 

(i) / factors through Ey. 

(ii) For any 1 ^ i ^ d — 1, any R-linear Gx-equivariant map 

h:f*(N^)^B+^ Qp R 
factors through the natural inclusion 

Remark 3.5. By the definition, we can check that / : Spm(i2) — > Zq is l^-small 
for any 1 ^ i ^ d — lif and only if / is (IIj=i ^)-small for any 1 ^ i ^ d — 1. 

Let x e be a point of Xy, then x corresponds to an i?(a;)-representation 
V x of Gk such that there exists a G^-stable C^^-lattice T^. C V x which satisfies 
T x /tte(x)T x V" ®f {Oe(x)/^e{x)^e(x))- We assume that, for a finite extension £" 
of E(x), V x ®e(x) E' is a split trianguline ^'-representation with a triangulation 

T x :0CW 1 CW 2 C..-CW d := W(V X ® E{x) E'). 

We denote by {d~i}f =1 the parameter of %, i.e. <5j : K x — )■ _F/ X satisfies Wi/Wi-i ^> 
W(5j). By proposition 13. 3[ then the couple (V x ,%) determines an .^'-rational 
point 

z ■= z {v x ,t x ) ■= (x, 5%, S 2 , ■ ■ ■ , 5d-i) e Z (E'). 

Moreover, by Galois descend, all these are in fact defined over E(z)(C. E'), i.e. the 
£"-triangulation % descend to an E(z)(C. F/)-triangulation of V x <8e(x) E( z ) with 
the same parameter. Hence, in this article, if we write z := Z(y xt j-\ G Zq, we always 
assume that V x is a split trianguline .E (^-representation with a £'(z)-triangulation 
%. 

Proposition 3.6. Let (V x , T x ) be a couple as above which satisfies the following 
conditions (put z := Zn/ X ,T X )), 

(0) End E[z)[GK] (V x ) = E(z) 

(1) For any 1 ^ % < j ^ d, 5 j /S l ^ U aeV o~ K for any {k a } aeV e Yl aeP %o- 

(2) For any 1 ^ i < j ^ d, 7^ |A^/qJp IL-e7> ^ / or « n ?/ {ka}*ev e 

Then, the point z £ Zq is contained in Sy. 

Proof. First, by Lemma 3.10 of |NalO] (we can prove this lemma in ci-dimensional 
case in the same way), we may assume that E(z) = E. We prove this proposition 
under this assumption. By the conditions (0) and (1) and by proposition 2.34 of 
[NalO], Dy x and the trianguline deformation functor Dy f x are represented by Ry x 
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and by Rv x ,% respectively. We denote by V^ mv the universal deformation of V x 
over R Vx and 

T x un " ■ C Wr v C Wp [v C • • • C WQr v = W/(V; univ ) i2y„,7i 
the universal triangulation and denote by {^ )a! }f =1 the parameter of 7^ uuv , i.e. 
5^ : Ji~ x -> i2^ j7i such that W^VW^f ^ W^). 

Because we have canonical isomorphisms Ox—,x — > an d ®o x — &x—,x 
F™ v by proposition 9.5 of [Ki03], we can define a morphism 

We define an ideal 7 of -Ry :c ,7^®£(®iLiC , T,<5..) generated by 

(Ma) g> 1 -g(5™ w (a))\l ^ i ^ d - l,a e K*}. 

We denote by 

Then, the natural map 

is an isomorphism and on i? z the universal parameter {5i^ x }f =1 is equal to {5f mv }f =l . 
We define a morphism h : C>z,z — >■ i? z by 

h : O z , z A Rv x ,T x ®E{®tl6rA) "» 

Because we have an isomorphism .M ®o x _ C^— ^ A V^ umv , iV ® 0z Rz is isomorphic 

to the universal trianguline deformation of V x over Ry x ,T x Rz- Hence, the cx-part 

of Hodge- Tate polynomial of N ®o z Rz is equal to nf=i(^ — ^dafx) U=0> so the 
natural morphism 

Spm(i2*/m n ) -> Z 

factors through 

/„ : $ P m(R z /m n ) -> Z 

for any n ^ 1 where m C i? 2 is the maximal ideal. We show that /„ also factors 
thorough Sy for any n, which proves this proposition because the point of Z 
determined by fi is equal to z. 

We note that R z is formally smooth over E, in particular is a domain by the 
condition (2) and by proposition 2.36 by [NalOj. We take an affinoid neighborhood 
Spm(i?) of z G Zq as in the proof of theorem I3.ll Then, by the proof of theorem 
13.11 it suffices to show the following lemma. 

□ 

Lemma 3.7. Under the above situation, the following hold. 

(1) For any 1 ^ i ^ d — 1 and a G V and j G Z<; ; Qi,a{j) is nonzero in R z . 
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(2) For any 1 ^ i ^ d — 1 and a £ V and k G Z^i, i/ie natural map 

n n 

is surjection. 

Proof. If we can prove (i) , then (ii) can be proved in the same way as in the proof of 
proposition 2.8 of |Ki03j . We prove (i). Because the cr-part of Hodge- Tate weight 
of /*(A0 is 

f dSi^jx) I d5 diX (x) 
1 da{x) |x=1 '"' ' da(x) lx=lh 
the cr-part of Hodge- Tate weight of f*(Ni) is 

r v~> 95j, x (x) . sr^d5i X (x). . . . . . 

C i \ - *=i - E -ffv «=i 1 = ^ < -? 2 < ' • • < * = d > 



for 1 ^ i ^ d — 1. Hence, the cr-part of Hodge- Tate polynomial of /*(iVi) is equal 



so 



0'i.-J'i)^(1.2,-,i)Jx<-<ii fc=1 J =1 

Therefore, it suffices to show the following lemma. 



□ 



Lemma 3.8. For any 1 ^ i ^ d— 1 and j\ < j% < • ■ • < ji such that (ji, ■ ■ ■ 
(1, 2, ■ • • then 

E dS jk , x (x) <A d5 jiX (x) 

da(x) lx=1 da(x) 

is not constant, i.e. not contained in E. 

Proof. For any continuous homomorphism 5 : 0\ — > E x , we define a functor 
D S :C E ^ (Sets) by 

As (.A) := {5a '■ 0% A x | continuous homomorphisms such that 5a( mod m^) = 5}, 

for any A G Cg. Then, .0,5 is represented by Rs which is formally smooth over E 
of dimension [K : Q p ]. If we denote by 5 umv : 0% — > i?^ the universal deformation 

of 5, then the cr-part of Hodge- Tate weight d5 d(j( }f^ \x=i of 5 umv is not constant by 
lemma 3.19 of [NalO] . 

For any 1 ^ j x < j 2 < ■ ■ ■ < ji ^ d such that (ji,j 2 , ••• ^ (1, 2, • • • ,z), 
we put jo := (IT^i WI5=i^)lo* ■ ^ E x . We define a morphism of 
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functors f(j 1 ,---,j i ) '■ Dv x ,T x ~~ As Wl r) as follows. For any A G Ce, we define a 
ma P : D v x ,rS A ) -> D *oi.-.Ji)^) by 

i i 

/0i,-a)((^4,^,7^)) := (JJ^kV IIWIoJ 

fc=l i=i 

where the parameter of A-triangulation Ta is {5j,a}^=i- We claim that this mor- 
phism is formally smooth, which proves the lemma because then (X^l=i ~d$^r U=i 

- Ej=i %#U) ^ equal to /£,..., ii} (^U) where /^...^ : i^,, ^ 
Rv x ,% ls ^ ne ma P induced by f(j 1 ,---j i ) which is injection by the formally smoothness 
of /(jx,- ji)- We prove the claim. Let A be an object of Ce and 7 C A be an ideal of 
A such that J 2 = and let (V A /i,iPa/i,Ta/i) G D V:c j- x (A/I) and £4 G I?^,... (A) 
such that (lll=i dj k! A/i/ YTj=i fij,A/i)\o x = ^a( mod /) where the parameter of 
A/J-triangulation of Ta/i is {Sj t A/i}j=i- Because D$ is formally smooth, we can 
take liftings 8^a '■ K x — > A x such that 8^a{ m °d I) = o~i,A/i f° r an y 1 = i = d 
and (111=1 5j k ,A/ ]lj=i $3,a)\o* = $a- Because we have B 2 (G K ,W(5 i /5j)) = for 
any % < j by the condition (ii) and proposition 2.9 of |NalO] . the natural map 
E 1 (G K , W(5 1) a/S 2 ,a)) -> H 1 (Gk, W(S 1) a/j/S2,a/i)) is surjection. Hence the sub 
(yl//)-i?-pair W^.a/j of W(Va/i) lifts to an A-5-pair W^a which is an extension of 
W{8\,a) by VT(o2,a)- Repeating this procedure, we can take a trianguline A-5-pair 
(W 7 ^, 7a) which is a lift of (W(Va//), Ta/i) and whose parameter is {(^aI^Li- More- 
over, there exists an ^-representation such that Wa — > W^(V^) by proposition 
1.5.6 of |Ke08j . This proves the formally smoothness of f(j 1 ,---j i )- 

□ 

Next, we prove that the local structure of £y at z^ Vx ,T x ) can De described in 
terms of the trianguline deformation Dy x j- x . 

Theorem 3.9. Let z := Z(y f x \ be a point of Sy satisfying all the conditions in 
proposition ^. b\ If (V X ,T X ) satisfies one of the following additional conditions (1) 
or (2), 

(1) V x is potentially crystalline and 

i i 

{a G J D C ris((A 4 V;)(Jj57 1 ))|3n ^ 1 such that (ip f - JJ 6j(7r K )) n a = 0} 
3=1 i=i 

is a free of rank one K ®q p E -module for any 1 ^ i ^ d — 1, 

(2) For any 1 ^ i ^ d — 1 and /or any 1 ^ Zi < Z2 < ■ " " < k = d such that 
(h, ■ ■ ■ ,h) ^ (1, 2, ■ • • ,i), we have (J2)=i h jt <j ~ J2)=i k j,°) & %o for any 
a EV, where we define k i)(J := 9 q*^ \ x =i £ E{z), 
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then there exists a canonical isomorphism Og z —> Rv x ,T x - ^ n particular, Sy is 
smooth of dimension [K : Qp] d ^ d ^ +1 at z. 

Proof. First, we claim that D := D^((A i V x )([Y' j=1 Sj 1 ))^^^ 1 is a sub E- 
filtered (^-module of D crm {{/\ % V x )(\X- =l of rank one such that Fil 1 ^®^ D = 
0. Because we have D CI j S (W(8qji ^(ttk-)))) — Do which is naturally defined from 
A % (T) by lemma 3.8 of |Nal0j . it suffices to show that D is at most rank one. This 
is trivial in the case of (1). In the case of (2), we assume that D is not rank one, 
then if we denote by W the cokernel of the natural injection W(Sq^i i s j ( 7TK ))) ^ 

w (( AiV x)(ltj=i defined by A l (T), the image of D in D cris (W) is not zero. In 

particular, there exists a rank one £7-filtered y?-submodule D of D^iW'Y _1 b=i 
such that Fi\°K ®k D = K®k D. This implies that W has a Hodge- Tate weight 
{k<r}aev (k a ^ 0), but, for any a, any Hodge- Tate weights of W are of the form 

E}=i hj,a - Y^j=i k i,o) f° r some {h < h < ■ ■ ■ < k} 7^ {1, 2, • • • , i} which are not 
negative integer by the assumption, which is a contradiction. We finish the proof 
of the claim. 

Next, we begin the proof of this theorem, as in the proof of Proposition I3.6[ 
we may assume that E(z) = E. By the proof of proposition 13. 6[ we have already 
showed that there exists a natural local morphism 

-> Rz -> Rv x ,t x - 

We construct the inverse as follows. Let Spm(i2) C Sy be an affinoid neighborhood 
of z which is Y^-small for any 1 ^ % ^ d — 1, this is possible because z is an ir- 
rational point so we have Y^(z) G E and we can take Spm(i?) such that | y^ — 1| < 
1 on Spm(i?). We take a sufficiently large k G Z^i such that, for any a G V and 
1 ^ % ^ d — 1, there exists a short exact sequence of Banach i?-modules with 
property (Pr) 

for a Banach i?-module with property (Pr). By proposition I3.2[ we have 
isomorphisms 

(BL x ,k®kAN* ®o Zo R)) g ^=^=^ ^ (B+ R /t k B+ R ® K ^N t ® 0zo R)f« 

for any o G V and 1 ^ % ^ d — 1 and if we put H i a (1 ^ i ^ d — 1, a & V) 
the smallest ideal of R such that any G^-equivariant i?-linear map h : — > 
B+ R /t k B+ R ® K!(7 R factors through B+ R /t k B+ R ® KjCT H itCT and H := ni^d-i,^ 
then Spm(i2) \ V(H) and Spm(i2) \ V(H itlJ ) are scheme theoretically dense in 
Spm(i2). Under this situation, we denote by T the blow up of Spm(i?) along the 
ideal H and denote by / : T — > Spm(i?) the canonical projection. We show that, 
for any z G T such that f(z) = z, N ®o z ®f z/ m i i s a trianguline deformation of 
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(V x ®e E(z), T x ®e E(z)) over Of 5 /m~ for any n G Z^. To prove this claim, by 
the above claim, we first note that 

is a free i^o ®q p £'(5)-module of rank one and 

F&D^Nt ®o Zo E{z)) n ®* U+bCiVi ®o Zo S(z))^=nJ=i^(«) = 0. 

By the definition of blow up, there exists a non zero divisor hi^ G Of s such that 
Hi,aOf i = hi >cr Of 5 for any 1 ^ z ^ d— 1 and a G "P. Then, by the definition of 
#1,(7, for any 1 ^ i 5= d— 1 and a G T 3 , there exists a G^-equivariant i?-linear map 

N i ( 5 iax,^®A-^^^) </,K=n ' =iy: ' sucn that the composite with 
is non zero, where the isomorphism 

is given by a From these facts and from the condition (1), we can show (by 

induction on n ) that D+ is (Ni ®o Zo Of -Jv^Y*^^ is a free K ® Qp Of ~Jx^ z - 
module of rank one for any 1 ^ i 5= d — 1 and n G Zgi and 

K ®k q Dt ns {N t ® 0zq CV : m!T' ll: v n Fil 1 J D dR (iV l ® 0jfo = 0. 

By proposition 13. 101 below, then iV ®o z &fz/ m ll * s a trianguline deformation of 
(V x ®e E(z),% ®_b E(z)) over (9j. 5 /mf whose parameter is {^ umv ( mod m~)}f =1 , 
so the natural map Ry x — > Of - factors through Ry x ,T x ~^ Of ^ This shows that 
the natural map Ry x — >■ Of— , 2 sends the kernel of the quotient map irV x — >■ Ry x ,T x 
to the kernel of the natural map 

9 ■■ v>\ ■ -> n <v 

zef,f(z)=z 

Because g is injection by lemma 10.7 of [Ki03j and by by proposition 13.21 (2), the 
natural map Ry x — > Os w ,z also factors thorough Rv x ,t x — > &Sy,z- We can check 
that this gives the desired inverse map. The last statement of the theorem follows 
from proposition 2.39 of |Nal0j . 

□ 

The following proposition is a generalization of theorem 2.5.6 of |BeCh09] for 
any p-adic field case. 
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Proposition 3.10. Let V be a split trianguline E -representation of rank d with 
a triangulation T : C W\ C W% C • • • C Wd '■= W(V) with the parameter 
{Si}f =1 . We assume that (V, T) satisfies one of conditions (1) or (2) of Theorem 
Iff. ,91 Let A G Ce and Va be a deformation of V over A and, for any 1 ^ % ^ d, 
5i,A '■ K x — > A x be a continuous homomorphism which is a lift of Si satisfying the 
following conditions. 

(1) For any 1 < z < d - I, D+ is ((A l V A )(]J j= Jj})Y f=n ^^ A{nK) is a free 
Kq ®q A-module of rank one. 

(2) For any 1 ^ i ^ d — 1, the natural base change map 

i=i i=i 
zs isomorphism. 

Then, Va has an A-triangulation Ta such that (Va, Ta) is a deformation of (V, T) 
and the parameter of Ta is {Si,A}f=i- 

Proof. The proof is of course essentially same as that of |BeCh09j . but we give 
the proof here for the convenience of readers. We put Li := (/\ l V)(Y[]=i Sj 1 ) 

and L i)A ■= (A l V A ) ([Yj=i ^a) and ^ := and X i)A ■= S iiA (n K ) for any 

1 ^ i ^ d — 1. By the claim in the proof of the above Theorem, we have 

K ® Ko D+ is (L t r f =UU a, n Fil 1 Z) dR (L i ) = 0, 

then by induction on the length of A, we can also show that 

K ® Ko D+ is (L iA r f=n ^ X - A n Fil 1 D dR (L i>A ) = 0. 

From this and the condition (1), _D+ is (L i) A) </3 = ^j=^ x ^ A is an A-filtered (^-module, 
hence by the condition (2) and lemma 2.22 of [NalOj . there exists an A-saturated 
inclusion 

hi'.W([[5x JtA )^W(L iiA ) 

3=1 

such that D cr i S (hi) corresponds to the canonical injection 

Twisting this injection by Yl]=i &j,Ai we obtain an A-saturated injection 

i 

K:W([[S iA )^W^Va) 

3=1 

22 



such that mod m^) is equal to the canonical injection 



W(JJ<fi) e — >■ W(A*V) 

3=1 

which is naturally induced by A l T. Using these facts, we show by induction that 
there exists an A-saturated sub A-B-pair W^ A of VF(Va) such that Wj jA is a sub A- 
saturated A-B-paii of Wj + i >A an d Wj + i >A /Wj tA W(Sj + i iA ) for any 1 ^ j ' ^ i — 1 
and that the image of inclusion ®a E <^-> PU(Va) ®a ^ = W(V) is equal to 
Wj. First, we take Wi,a as the image of the inclusion h[ : W(Si jA ) W(Va). We 
assume that we can take W\ >A Q W^,a Q • • • Q Wi-i,vi Q W(Va) satisfying the 
above conditions. If we denote by W( A { resp. W() the cokernel of the inclusion 
W^ h A M> W{V A ) (resp. taking A* of W{V A ) (resp. we 

obtain a following short exact sequence of A-5-pairs, 

-> (A^WU.a) ® W' iA -> VF(A 1 Va) ->• W? A ->• 
for an A-i?-pair (resp. an .E-5-pair W"). Under this situation, we claim 
that the map M^dl^i ^j,A) ~^ ^Ta( which is defined as the composite of h! i with 
the canonical projection W(A l V A ) — > W" A ) is zero. By devissage, it suffices to 
show that the natural map W(f]^. =1 Sj) — > W" is zero. We first prove this claim 
in the case of (1) of TheoremEU Because D clis {W{5 {Yl ^ iX]) )y f=Il ^ x > ^ 0, then 

it suffices to show that D clis (W('([Y j=l 57 1 ))*' / =n5=i x i = o, which follows from the 
condition (1) of Theorem 13.91 Next, we prove the claim in the case of (2) of 
Theorem 13.91 If the map W(]^[* =1 Sj) — >■ W" is non zero, we also have an injection 
WOJg^i A )) ^ W-(]X l j=l 5j l ), but this injection implies that W"(Xf j=1 Sj 1 ) has 
a Hodge- Tate weight {k a } a( z-p (k a G Z^o), which contradicts the condition (2). 

By this claim, the map W(f]^. =1 Sj }A ) c — >■ ^(A'Va) factors through an A-saturated 
injection H/(n; =1 ^) ^ (A^W^^W^. Because A^Wj-i^ ^ ^QT^Aa), 
we obtain an A-saturated injection W(5^a) ^ W/ a- If we define Wi )A (Q W(Va)) 
as the inverse image of W(S i:A )(C W( A ) by the natural projection VF(Va) — > W( A , 
Wi >A satisfies all the desired properties, which proves the proposition. 

□ 

We define a morphism f : Z — )■ W x<i by /(z) := (Si\ x,--- , t^-il^x , Sa\ D x ) 
for any point z := (x,Si, ■ ■ ■ , Sd-i) G where if x G X corresponds to an E(x)- 
representation then we define := det(V^)/(n^~J Sj). We denote by 

/ : £ v -> W xd 

the composition of /o with the canonical immersion £y <— >■ Z. 
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Proposition 3.11. Let z := Z(y x ,%,) be a point of Sy satisfying all the conditions 
in theorem VJ.fA Then, f is smooth at z. 

Proof. By theorem 13. 9[ we have an isomorphism Os— jZ Rv x ,T x - Moreover, we 
have the following natural isomorphism 

W xd J{z) H> Wj(Sl \ )®E(z) ■ ■ ■ ®E(z)&W,(8 d \ nX ) ~> %i|„x )®E(z) ■ ■ ■ ®E(z)R(S d \ nX ) 

where x ) is the universal deformation ring defined in the proof of lemma l3~8l 

°K 

If we identify 

Dv.,tM) = Spt(Rv.,T.)(A) 

and 

D ih\ A A ) X X D (,h\ x)( A ) = S P f (%il x)®S(.) • ■ ■ ®E(z)R(6 d \ oX )){A) 
v K u R u K u K 

for any A G Ce( z ), the local morphism at z induced by / is equal to the morphism 
f z : Spi(R Vx>% ) -> Spm(i? (5l | } ® E{z) ■ ■ ■ ® E (z)R(5 d \ x )) 

K K 

whose A-valued points for any A G Ce( z ) are given by 

D Vx ,tM) ^%Lx)( i ) x --' x %Lx)(^) : (Va,Ta,iPa) ^ {Ka\o*t-- - ,$d,A\o*) 

where {^i,A}f=i is the parameter of 7a- We claim that this morphism is for- 
mally smooth. Let A G Ceu) an d I Q A be an ideal such that Ivcia = 0. Let 

{V A /i,i/>a/i,Ta/i) e D Vx>Tx (A/I) and {5'^, 6' 2>A , ■ ■ ■ ,5' dA ) G D {Sl \ )(A) x ••• x 

D (s d \ nX )( A ) such that fz(v x ,T x )((V A /i^A/i,T A /i)) = (5' 1A , ■ ■ ■ ,5' dA )( mod /). Take 

K 

a lift {5i ; A}i=i {&i,A '■ K x — >■ A x ) of the parameter {5 i>A /i}f =1 of (Va/i,Ta/i) such 
that S^aIo* = 3'iA- Because H 2 (Gr-, W(Si/Sj)) = for any i < j by proposition 
2.9 of [NalQ] . so we have H 2 (G X , WiO^)) = for any 1 ^ i ^ From this, we 

obtain a surjection H^Gr-, VF^a/^.a)) — ^ H^Gr-, W{8\ > a/i/^2,a/i))i hence we 
can take a lift [W 2 . A ] G H^Gr, W>(5i,a/5 2) a)) of [W M/J ] G H^Gr, W(5 m / 5 m)), 
where 7a// : C Wi.a/i Q W 2 ,a/i Q • • • Q W d ,A/i = W(Va/i)- Then, the natural 
map H 1 (G/^, W^a^^a)) — ^ H 1 (G^, W 2tA /j(5^ 1 A ^ I )) is also surjection, hence we can 
take a lift [W 3;A ] G H 1 ^, W^a^a)) of [W 3>A/I ] G H^G*, ^a/i^a//))- Re " 
peating this procedure inductively, we obtain a trianguline A-£>-pair Wa with 
a triangulation Ta : C W^a Q W 2 ,a Q • " Q Wd,A = Wa with the pa- 
rameter {S i!A }f =1 such that [W^a] £ H 1 W^-i^O^)) is a lift of [W^a/j] G 
H^Gr, Wi_i ) A//(5 l ~^/ / )). This shows that / 2 is formally smooth. Because this 
property is preserved by base change of the base field E, f is smooth at z by 
proposition 2.9 of [BLR95J. 

□ 
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Let (V x , %) be as in the above proposition such that Z(v x ,%) is an -E-rational point 
of £ y. We denote by {k 1(T , k 2)CT , • • • , k da \ a ^v the Hodge- Tate weight of V x such 
that ki tC r ^ k<i )CJ = • ■ ■ = k^ a for any a G V . We take an affinoid open neighborhood 
U = Spm(i?) C £y of Z(y x ,Tx) which is Yj-small for any 1 ^ i ^ d — 1 such that , 
for any 1 ^ i ^ d, Vi := v p (5-(7Tk-)) is constant for any 2; = (V, • • • , G ?7. 
Take a sufficiently large such that 

(1) For any 1 ^ i ^ d — 1 and a e V, there exists a following short exact 
sequence of Banach i?- modules with property (Pr), 

for a Banach i?-module C/j i(7 with property (Pr). 

(2 ) fc > ^^'W ^Ki}. 

1 1 1 . . 1 > . "\ \ /\ / 1 / \ In l i / \ • i I'll! \ . ^ 



We fix k which satisfies the above conditions. We define a subset W^ d of W xd by 



fc- )(T - fe- +lj(J > k for any 1 ^ i ^ d - 1, a G T 3 }. 

The following proposition is a crucial proposition to prove that the subset con- 
sisting of crystalline representations is (locally) Zariski dense in £y. 

Proposition 3.12. Under the above situation, let z := (V',S[,--- , ^ e a 

point of U n / _1 (>V fc xd ). T/ien, 1/' zs a crystalline and split trianguline E{z)- 
representation with a triangulation T' whose parameter is {<^}f =1 (where 5' d : = 

det(V')/UtlS'J, i-e. « = «cv',r)- 



Proof. First, by the definition of £/ and by proposition l3.2[ we have an isomorphism 

for any 1 ^ i ^ d- 1 and cr G V. Because f(z) G W fe xd , we have Qi, a (j)(z) ^ for 
any cr G T 3 and 1 ^ i ^ d — 1 and —A; ^ j ; ^ 0. Hence, by corollary 2.6 of [Ki03j . 
the natural base change map is an isomorphism 



G f 



(BtK/t'B+^K^Ni ® Oz0 R)f K ®r E{z) ^ (B+ R /t k B+ R ® Kt(J If 1 )) 

3=1 

and this is one-dimensional over E(z) for any a and i. The natural map 

(BL,,k ®k,„ E{z)y«=nU*> K ) ^ B+Jt k B+ K ® K , C E(z) 
is an injection by the definition of U. From these facts, the natural map 

i i 

(BLx,K®KAW')(n~5^))^ 

3=1 3=1 
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Gf, 



is an isomorphism for any o E V and 1 ^ i ^ d— 1 . From this isomorphism and be- 
cause f(z) E W fc xd , we can check that D i : = ^((A^'XIlj-i S'r 1 ))^ =u ^ S '^ k) 
is a sub rank one S(*)-filtered (^-module of ^((A^OdX-i S f 1 )) such that 
Fif(K ® Ko Di) = K®Kq Di and Fil x {K ® Kq A) = for any 1 ^ i ^ d- 1. Hence, 
by lemma 2.21 of [NalOj . we obtain a saturated injection 

^dl3- 1 ^(irK)))^^(AV)(n?- 1 )) 

J=l 

and, twisting this by Yl)=i $j-> we obtain a following saturated injection 

i 

3=1 

for any 1 ^ i ^ d— 1. Then, by proposition 13 . 131 below. V is split trianguline E(z)- 
representation with a triangulation T' : C H^' C W' 2 C • • • C H 7 ^ = W(V) whose 
parameter is equal to {<^}f =1 . To finish the proof, it suffices to show that W[ is 
crystalline for any 1 ^ % ^ d by induction on i. By lemma 15 . 141 below, it suffices to 
check that the parameter {<^}f =1 satisfies the conditions (1) and (2) in this lemma. 
For (1), it is trivial by the definition of >V fc xd . For (2), if d'jd'j = f\ aeV a k °\N K/Qp \ p 
for some {k a } ae -p G ELe-p anc ^ ^ or some 1 = ^ < j ^ d, then k a = k ia — kj ;(T ^ 
k + 1. Hence the slope of WlS'jS'j) is j (Xlo-g-p ^°~) — 1 = ^- On the other 
hands, the slope of W{5'J8'j) can be computed by j{v p {8' i {'Kjc)) ~ v p(8j(^K))) < k, 
this is a contradiction. Hence {<^}f =1 satisfies (1), (2) of lemma 13 .14\ hence V is 
crystalline. 

□ 

Proposition 3.13. Let z := (V,8i, ■ ■ ■ , t^-i) E Z be a point which satisfies the 
following conditions (1) and (2), then V is a split trianguline E(z) -representation 
with a triangulation T whose parameter is {8i}f =l , i.e. z = Z(v,T)- 

(1) For any 1 5= i ^ d — 1, there exists a saturated injection 

i 

3=1 

(2) One of the following conditions holds, 

(i) If we put ki >a := g^fc U=i G E{z), then for any 1 ^ i ^ d — 1 and /or 
any 1 5= /i < Z2 < • • • < ^ = d such that {1, 2, • • • , i} ^ {li, ■ ■ ■ , 
and for any a G V, (Y?j=i fc j> _ X^=i fy,-,*-) £ z ^o- 

(ii) AZZ fc ij(T are integers and , if we put t> := max 1 ^ i ^ (i {|vp(o"j(7ri S :))|} ; 

— ^i+i,cr > ^ d ~p vq for any 1 ^ i ^ d — 1 and a E V. 
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Proof. First, by the condition (1) for i — 1, we have a saturated injection W{5\) ^ 
W(V). We put Wi C W(V) the image of this injection. By induction on i, we 
show that we can take a filtration C Wi C W 2 C • • • H^-_ x C PFj C PF (V) such 
that VFj is a rank % E(z)-B-paii which is saturated in W(V) and Wj+i/Wj ^> 
W(Sj + i) for any 1 ^ j ^ « — 1 and AW* C W(A*V) is equal to the image of 
the given injection VK(fp^ =1 5j) e — >■ W(A*V) in (1). We assume that we can take 
OC^O-C Wi-x C W(V) satisfying all the above conditions. If we put W 
the cokernel of the injection Wi-i C W(V) and if we take i-th wedge product, we 
obtain a following short exact sequence of E(z)-B-paiis, 

i-l 

-> W( JJ <5» <g> W -> W(AV) ->■ W" -> 

3=1 

because A l_1 Wj_i <5j), where VK" is a successive extension of A J "Wi_i <g> 

A t-J 'W / for ^ j ^ i—2. By the condition (1), we have an injection VT( 1 r [* =1 <5j) c -* 
VF(A l V), we denote t : W(rj l =1 5,) — >■ W" the composition of this injection with 
the canonical surjection W(A i V) -» W". We claim that t : VK(nj =1 <5j) -» VT" is 
a zero map under the condition (2). 

First, we prove this claim under the condition (i) of (2). In this case, if i 
is not zero, then this is injection because VK(n j=1 Sj) is rank one. Then, by 
proposition 2.14 of [Na09j, the saturation of the image of l is isomorphic to 
W(Il5=i Sj Uaev a ~ ka ) for some {kahep 6 Uaev z ^o- This implies that W" 
has a Hodge- Tate weight {$^j =1 %,cr — k a } a£V . But, because z G Z and the 
Hodge- Tate weights of Wi-\ is {k^ a , • • - , fcj-i^lo-gp, any a-part of Hodge- Tate 
weights of W" are equal to Yl\=i kj t ,a for some 1 S ji < ' " < j% = d such that 
{1,2, •■ ■ ,i} 7^ {ji, ■ ■ ■ this contradicts to the condition (i), hence t must be 
zero. 

Next, we prove the claim under the condition (ii). We assume that i is not zero. 
Because W" is a successive extension of A J 'Wi_i <8> A^'W for ^ j ^ z — 2, we 
obtain a saturated injection Wdli=i Sj Ylaev cr ~ k ' T ) ^ A-'Wi-i <8> A l ~-W' for some 
= j = — 2 and for some {/Co-jo-ep G ELe^ ^o- Because, any cr-part of Hodge- 
Tate weight of W" is equal to Yj\=i kj u a for some 1 ^ j\ < • • ■ < ji ^ d such that 
{ji, • ■ ■ Ji} {1, 2, • • • , 0, we have A; CT = $^. =1 k j:(7 - £)j =1 k jua > ^p~v by the 
condition (ii). Because the slope of VF(rj*. =1 ^ Ylaev (r ~ k ' T ) * s ec L ua l to 



1 ' 1 

7 (5j«p(*iW)) - ?^n£y < 



1 , % U-lf i-(d-lf 

Vq J ^0 = ~ £ . V , 



the smallest slope (which we denote by s") of A J 'Wj_i (g> A l ~^W satisfies s" < 
t> . On the other hands, because we have an injection W^HjCi Sj) <8) H 7 ' ^->- 
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W{A*V), the smallest slope s' of W satisfies s' ^ -jiT^i v pM) ^ "^^o 
by corollary 1.6.9 of |Ke08j . Because all the slopes of are positive or zero by 
corollary 1.6.9 of |Ke08j . then the smallest slope s" of A^Wi-x <8> A l ~^W satisfies 
that s" ^ min{ (is', 2s'} ^ — ^~p l vo by remark 1.7.2 of |Ke08j . Hence, we obtain 

an inequality ~^~j^ v o = s " < t> , which implies that (d — l) 2 < i 2 , this is 

a contradiction, hence i must be zero. We finish to prove the claim in both cases. 
This claim implies that the given injection W(J\ l j=1 5j) M> W(A*V) factors 

through a saturated injection W(nj- =1 5j) e — >■ W(n}=i ^j) ® W'- Twisting this 
injection by rj^~j we obtain a saturated injection > W. If we de- 

note Wj(C W(V")) the inverse image of W(5i)(C W') by the canonical surjection 
W(V) -» W, we obtain a following short exact sequence, 

-»■ Wi_i -»■ W< -»■ W(^) -»■ 

and we can check that Wj satisfies the desired properties. By induction, we finish 
to prove this proposition. 

□ 

Lemma 3.14. Let W be a split trianguline E-B-pair of rank d with a triangulation 
T : C W x C • • • C W d -x <Z W d = W with the parameter {5i}f =v If {Si}f =1 
satisfies the following conditions (1) and (2), then W is crystalline. 

(1) For any 1 ^ i ^ d, d~i\ x = Y[ aeV o~ ki -' T for some {k iia } ae -p G ELe-p ^ such 
that kx, a > k 2i a > ■ ■ ■ > k dyU for any o G V . 

(2) For any 1 ^ % < j ^ d, Si/Sj ^ Yl aE -pO- ka \N K / Qp \ p for any {k a } aEV G 

Proof. We prove this lemma by induction on the rank of W. If W is rank one, 
the condition (1) implies that W = W(5x) is crystalline. We assume that W 
is of rank d and W d -i is crystalline. Then we claim that the natural injection 
H\(Gk , Wd-iiSj 1 )) E 1 (Gk, Wd-i(5^ 1 )) is bijection, which proves that W is 
crystalline ( where for any 5-pair W, Hj(Gk,W) is Bloch-Kato cohomology of 
W defined in definition 2.4 of |Na09]). We prove this claim by computing the 
dimensions of both E- vector spaces. First we have B. 2 (Gk, W(Si/Sd)) = for any 
1 ^ i ^ d— 1 by the condition (2) and proposition 2.9 of [NalOj . Because Wd-i^ 1 ) 
is a successive extension of W(Si/Sd), we also have H 2 (GV, W^-i^ 1 )) = 0. Then, 
we have 

dim E E\G K , Wd^ 1 )) = [K : Q p ](d - 1) + dim £ H°(G^, Wd-x^ 1 )) 

by Euler-Poincare formula (theorem 2.8 of [NalOj). On the other hands, because 
W d -i(5^ 1 ) is crystalline, we have 

&m E K)(G K ,W d ^(5 d 1 )) = dim £j D dR (iy (i _ 1 (5- 1 ))/Fil° J D dR (iy d _ 1 (5 d 1 )) 

+dim E R°(G K ,W d _ 1 (6 d 1 )) 
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by proposition 2.7 of |Na09] . Because Wd-i(S d 1 ) is a successive extension of 
W(5i/6d), the condition (1) implies that Fil°DdR(W / d-i(^ 1 )) = 0' hence we have 

dim E R)(G Kl W d ^{5 d 1 )) = dim EJ D dR (iy (i _ 1 (5, 1 )) + &im E W(G K , W d ^(5 d 1 )) 

= [K : Q p ){d - 1) + dim E E°{G K , W^i^ 1 )) 
= dim E R 1 (G K ,W d . 1 (5 d 1 )). 

We finish to prove the claim, hence we finish to prove the lemma. 

□ 

We define two subsets Xy Teg _ cris anc ^ %v,b °f %V °y 

%, reg -cris := i x = [ V x] G Xy\ Hodge-Tate weight {k i)(T }i^ d ^ eV of V x satisfies 

ki,a 7^ for any i ^ j, a G V} 

Xy b := {x = [V x ] G Xy|\4 ® E (x) E' is benign for a finite extension E'of E(x) 

and 7^ satisfies the condition (1) of theorem 13.91 for any r G (5^} 

From the above proposition, we can prove the following theorem, which states 
Zariski density of crystalline points in Sy. 

Theorem 3.15. Let Z(y x ,%.) G Sy be an E-rational point satisfying all the con- 
ditions in theorem \3.9\ . Then, for any admissible open neighborhood U C Sy of 
Z(y x ,T x )> there exists a smaller admissible open neighborhood U' C U of Z(y x j- X ) such 
that the subset defined by 

U' cns ■= {z = ([V],6 ir -- , 5^) G U'\[V] g %, reg _ cris } 

is Zariski dense in U' . 

Proof. If we use proposition 13.111 and proposition I3.12[ the proof of this theorem 
is same as that of lemma 4.7 of |Nal0j . □ 

4. Zariski density of crystalline representations for any p-adic 

FIELD 

Lemma 4.1. Let x = [V x ] G Xy re g„ cris be a point. Then, for any admissible open 
neighborhood U C Xy of x, U D Xy b is not empty. 

Proof. The proof is a generalization of the proof of lemma 4.12 of |NalO] . Of course, 
we may assume that E(x) = E. The Hodge-Tate weight r := {ki ja }i^i^d,aev of V x 
satisfies that ki )C > k 2 ^ > ■ ■ • > k dt(7 for any a G V . Then the subset 3^ cris of Xy 
consisting of the points corresponding to crystalline representations with Hodge- 
Tate weight {k^a)\^i%i%d,o£P forms a Zariski closed subspace of Xy corresponding 
to a quotient -R^ cris of Ry by Corollary 2.7.7 of |Ki08j . We consider the universal 

framed deformation ring Ry of (V,/3), where (3 is a fixed F-base of V. Then, in 
the same way as R^ . , we obtain a quotient R^ T . of R^ and we have a map 

u V ,cris' 1 V,cvis V 1 
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Ry crig — > Ry T cris which is naturally induced from the map Ry — > Ry corresponding 
to the forgetting map D^(A) D V (A) : (V A ,ipA,P) (Va,i/>a) (A G Co) where 
8 is an A-base of Va which is a lift of 8. Therefore, if we put £H' T . the rigid 

' ' 7 1 V,cvis ° 

analytic space associated to iL-/^. , it suffices to show the following lemma. 

□ 

Lemma 4.2. Lei x be a point of %y T CTis one? Zei £7 6e an admissible open neighbor- 
hood of x, then there exists a point z of U whose corresponding representation is 
benign and satisfies the condition (1) of theorem \3.9i . 

Proof. We remark that, by the proof of Theorem 3.3.8 of |Ki08j . we have an iso- 
morphism O x u,r R v ' cns for any point y G Xy\ s . Then, by Corollary 6.3.3 of 

V,cris ' 1 

|Be-Co08] and by Corollary 3.19 of |Ch09a] . there exists an admissible affinoid open 
neighborhood U = Spm(i?) of x in jE—^, such that D cris (yR) := ((-Rd>Q p -B C ris) ®r 

Vr) Gk is a finite free K ®q p .R-module of rank d and D^(Vr) K® Ko D cris {VR), 
where Vr is the restriction to U of the universal deformation of V. For any 
a' G G&\(Ko/Qp), we denote by D a i the cr'-component of .Deris (Vr)- We denote 
by T d + a^iT^ 1 + • • • + a x T + a := det fl (Tid Dff , - <p f \ Dal ) G R[T] the charac- 
teristic polynomial of relative Frobenius on D a i, which does not depend on the 
choice of a'. Let A G R be the discriminant of this polynomial. Then, we claim 
that A is a non zero divisor of R, i.e. the subset £7 A Q U consisting of points 
z such that D cr \ s {V z ) has d distinct relative Frobenius eigenvalues is scheme the- 
oretically dense in U. For proving this claim, it suffices to show that A ^ in 
0~.,-sp,T ^> Ry ,CTls for any z G U because Ry' cns is domain. But it is easy to 
see that -D cr i S (V 2 ) can be deformed to D(z)[e] such that with d distinct relative 
Frobenius eigenvalues, hence A ^ in R V ^ CT1S . In the same way, we can show that 
the subset U" C U consisting of points z such that D cvis (V z ) has relative Frobenius 
eigenvalues {ai}isgd satisfying ct{ ^ p ± ^aj ( i ^ j ) is also scheme theoretically 
dense in [7, hence their intersection fl £7" is also scheme theoretically dense in 
U . Next, we take an element z G fl U" C [7, then by extending scalar, we 
may assume that D cris (y z ) ^> ®f =x K ®<q p De^ such that ipf(ei )Z ) = ai tZ e^ z for 
some ai sZ G D x (1 ^ i ^ d) such that «i )2 7^ a^, p^aj jZ for any i 7^ j. Be- 
cause O^-^d.t is Henselian by Theorem 2.1.5 of [Bcrk93j, if we take a sufficiently 

- vP / C ris 

small affinoid open neighborhood U' = Spm(R') of z in fl U", then we have 
•Deris (Vr) ®rR' ^> ©f = ii^o -R'ei such that ®q p i?'e, is (^-stable and ^ / (e i ) = 
for some &i £ R x for 1 ^ z d satisfying that <Sj — Oj, <Sj — p^aj £ R x 
for any i ^ j. Then, for sufficiently small U' and for any a G V, if we decompose 
Air(Vr) Ofli? into cr-component by Air(Vr) <g) fl i2' A Air(Vr/) = ® a evDa, then 
cr-component /Jo- of DdR(Vfi') is equipped with a filtration by finite free -R'-modules 
FiPD^ such that YiYD^^B ^ YiY D dK (V R ,® RI B) a for any local .R'-algebra which 
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is finite over E by lemma 2.6.1 and by the proof of corollary 2.6.2 of [Ki08j . From 
these facts, we obtain two i?'-basis {e i;CT }f =1 and {fi, a }f =1 of D a , where {e iif7 }f =1 
is the base naturally induced from the base {ej}f =1 of .Deris (Vk') and {fi,a}f=i sat- 
isfies that Fir ki >°D a = R'f i>(7 © R'f i+hr7 © ■ • • © R'f d , a for any 1 ^ i k d. For 
any a G V, we define A CT := (c/,. y .„ ),. ; - by f i>a := ^=i a ij> e j>- We denote by 
a G R the product of all k-th minor determinants of A a for alll^/c^d— 1 
and a EV. By the definition of benign representations, for any 2 G Spm(i2'), it is 
easy to see that V z is benign if and only if a(z) 7^ in E(z). Therefore, to prove 
the lemma, it suffices to show that Spm(i?') a and Spm(i?') ( -j-ji ~ fc j-p ^ (for 

any 1 ^ i ^ d - 1 and {&i < k 2 < • • • < h} ^ {l x < • • ■ < k} C {1, 2, • • • , d}) 
are scheme theoretically dense in Spm(i?'), i.e. it suffices to show that a and 
(llj=i ®kj — Tl]=i®ij) are non zero divisors of R'. Because we have an isomor- 
phism R' mz ^ Ry' z cns for any z G Spm(i?') and Ry™ is domain, it suffices to show 
that a, (Il}=i ®kj ~ Ylj=i e -R^ cns are non- zero for any z G Spm(i?'). Finally, 
this claim can be proved by constructing explicitly lifts of filtered (^-module E>E{z)\e\ 
of D CTis (V z ) over E(z)[e] such that a/Oor ([Yj=i _ IYj=i %) 7^ in E(z)[e]. 

□ 

For a rigid analytic space Y over E and for a point y G K , we denote by 

ty, w := Rom E[y) (m y /m 2 y , E(y)) 

the tangent space at y, where m y is the maximal ideal of Oy,y 
We denote by Xy reg _ cris the Zariski closure of Xy _ CTis in Xy-. 
The following theorems are the main theorems of this paper. 

Theorem 4.3. Xy^^^ a union of irreducible components ofXy d . 

Proof. Because any irreducible components of Xy are of dimension at most [K : 
Q p ]d 2 + 1, so it suffices to show that any irreducible components of Xy reg _ cris 
have [K : Q p ]d 2 + 1 dimension. Let Z' be an irreducible component of Xy Teg _ CTiB . 
Because the singular locus Z' sing C Z' is a proper Zariski closed set of Z r , there 
exists a point x G Xy b R Z' such that Z' ( and Xy) is smooth at x by lemma 
14.11 By the definition of benign representation and by proposition I3.6[ the point 
Z(v x ,Tt) e ^0 corresponding to the pair (V x , T T ) is contained in Ey for any r G ©d- 
We denote by Y T the irreducible component of P _1 (Xy _ cris ) containing Z(y x ,%-) 
for r G ©d- Because the natural morphism p\y T '■ Y T — > Xy factors through Z' for 
any r G ©d, we obtain a map 

for any r G ©d, where the first equality follows from theorem 13.151 Hence, we 
obtain a map 

*%,z ( ^,r T ) t z',x ^ t x -, x . 

T£6 d 
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By theorem 2.61 of [NalO] and theorem 13.9} this map is surjective, hence we obtain 
an equality 

Because x is smooth at Z', then Z' has dimension [K : Q p }d 2 + 1. This proves the 
theorem. 

□ 

Let ui : Gk — > F x be the mod p cyclotomic character and let ad(V) := Endp(y) 
and ad(F)° := ad(F) trace=0 . 

Theorem 4.4. We assume that V satisfies the following conditions, 
(0) End F[G/d (F) =F. 
(!) %,rc g -cris is_non empty. 

(2) H°(G*,ad(V) (u;))=0. 

(3) ( P tK* orpld. 

Then, we have an equality Xy _ cris = 3Cy. 

Proof. First, we prove the theorem when ( p G" K x . It suffices to show that Xy is 
irreducible by theorem 14.31 This claim follows from the fact that H 2 (Gk, ad(V)) = 
0, which follows from the condition (2) and the fact that H°(Gk, F(o>)) = when 

Next, we prove the theorem when p J(d. Let P be the sub group of consisting 
of all p-th power roots of unity. Let p n be the order of P, we take ( p n g a 
primitive p n -th roots of unity. For any 1 5= i ^ p n — 1, we define a subfunctor Di 
of Dy by 

Di(A) := {[{V A M] G D v (A)\det(V A )(rec K (( p n)) = la^Y} 

for any A G Co, where la '■ O — > A is the morphism which gives the O- algebra 
structure on A. In the same way as in the proof of theorem 4.16 of |Nal0j . we can 
prove that, under the condition (2), Di is representable by a quotient Ri of Ry 
which is formally smooth over O. Moreover, if we denote by X, the rigid analytic 
space associated to R iy then we have an equality as rigid space 

Xy = J J Xj 

0^i^p ,l -l 

and Xj is irreducible. By the condition (1) and by theorem 14. 3[ there exists i such 
that Xj C Xy reg _ cris . Because Xuf 1 = 1( m °d ^k) an d Xlt(Cp™) = Cp™; twisting 
by Xlt ^ ( m e ^) induces an isomorphism Xj — > X i+ ( p /_ 1 ) (im ( mod pn y Because 
Xlt is crystalline, this isom implies that X i+ ( p /_ 1 ) dm ( mo dp™) ^= 3-F,re g -cris- Because 
p )(d, any j( mod p n ) can be written by i + (p* — l)dm( mod p n ) for some m G Z, 
hence we have an equality Xy reg _ cris = Xy. 
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Finally, when V is absolutely irreducible, we can prove the following theorem, 
which is a generalization of theorem A of |ChlO] 

Theorem 4.5. We assume that 

(1) V is absolutely irreducible, 

(2) ( p eK orV£V(u), 

then we have an equality £v>eg-cris = ~^v- 

Proof. First, we note that the condition (2) is equivalent to the condition that 
B°(Gk, ad(y)°(o;)) = under the assumption (1). We use the notation used in the 
proof of theorem Let be the unramified extension of K such that [JQ : K] = 
d. By extending E, we assume that HoniQ p _ a i g (fQ, E) = HoniQ p _ a i g (fQ, K). Let 
Xd ■ G'K d — > F* d ^ (0 Kd /T( K Kd ) yi <— > F be the fundamental character of degree 
d, i.e. the character defined by Xd( rec ftr d ( a )) '■= a (a E ), Xd( rec K d (^K)) = 1- 
Then it is known that V ^ lnd^ K (x d ) ®f F(r/) for some i G Z and r/ : G^ 3 -»■ F x . 

Because any r] has a crystalline lift, we may assume that V Ind G K (x^)- By 
theorem 14.31 and by the proof of theorem |4.4[ it suffices to show that XidXy reg _ cr i s 
(resp. ^y ireg _ cr i S ) is non empty for any ^ z ^ p n — 1 when ( p E K x (resp. 
( p K x ). To prove this claim, let x^lt : — > be the Lubin-Tate character 
of Kd associated to hk G X C .fQ and let r be a generator of Gdl^Kd/ K) and, for 
any a G T 3 , let a : — >■ E be a Q p -algebra homomorphism such that <t|x = a. 

Then, there exists {a a>i } a&Vfi ^d-i e FLeP.ogi^d-i Z sucn tnat a <v ^ a °-J for an y 
z 7^ j and that 

^= II (° T \Xd,w)) a °' l { mod tts) 

and 

II (^(Xd,LT)) a - = II (^Wt))°-<( mod TTfi) 

if a CTi j = a' ai ( mod (p* d — 1)) for any Then, 

is a lift of V which is a crystalline representation whose a-part of Hodge- Tate 
weight is {do^jo^d-i, i.e. this is an element of 3Cy reg _ cris , which proves the claim 
when ( p $l K. Moreover, because 

X { a a , iUi ■= det(Indg d ( J] (ar\ X d,LT)) a ^)) 

is crystalline character whose a-part of Hodge- Tate weight is b a := J2i=o a °,ii we 
have X{a CTj< }<r,i ° *ec K \ x = Y[ aeV cr b ' 7 . Therefore, if we denote by a(( p n) := 
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(c a G (Z/p n ) x ) for any a G V, we have [V^.}^] G X io , where z = Y,aev b ° c ° 
( mod p n ). We take a a G T 3 and m G Z, we define {a^i}^ sucn that a^ : = 
a CT;0 + m{pf d — 1) and a^j = a CTi j otherwise. The above arguments implies that 
[^K.iWl G ^ n %,re g -cris> where i m = i + c a (p fd - l)m for all but finitely many 
m G Z. Because {i m }m& runs thorough all Z/p n , this implies that Xj fl Xy reg _ cris 
is non empty for any ^ i ^ p n — 1, which proves the claim. 

□ 
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